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                \begin{document}$$A \subseteq V$$\end{document}$. A path *P* in *G* is an *A-path* if the first and the last vertices of *P* belong to *A* and all other vertices of *P* belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V \setminus A$$\end{document}$. Given *G* and *A*, *A* [-Path Packing]{.smallcaps} is the problem of finding the maximum number of vertex-disjoint *A*-paths in *G*. The *A* [-Path Packing]{.smallcaps} problem is well studied and even some generalized versions are known to be polynomial-time solvable (see e.g., \[[@CR5], [@CR6], [@CR11], [@CR15], [@CR18], [@CR19]\]). Note that *A* [-Path Packing]{.smallcaps} is a generalization of [Maximum Matching]{.smallcaps} since they are equivalent when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A = V$$\end{document}$.

In this paper, we study a variant of *A* [-Path Packing]{.smallcaps} that also generalizes [Maximum Matching]{.smallcaps}. An *A*-path of length $\documentclass[12pt]{minimal}
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                \begin{document}$$(A,\ell )$$\end{document}$*-path*, where the length of a path is the number of edges in the path. Now our problem is defined as follows: To the best of our knowledge, this natural variant of *A* [-Path Packing]{.smallcaps} was not studied in the literature. Our main motivation of studying ALPP is to see theoretical differences from the original *A* [-Path Packing]{.smallcaps}, but practical motivations of having the length constraint may come from some physical restrictions or some fairness requirements. Note that if $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell = 1$$\end{document}$, then ALPP is equivalent to [Maximum Matching]{.smallcaps}. Another related problem is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In the rest of paper, we assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$k \le |A|/2$$\end{document}$ in every instance as otherwise the instance is a trivial no-instance. The restricted version of the problem where the equality $\documentclass[12pt]{minimal}
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                \begin{document}$$k = |A|/2$$\end{document}$ is forced is also of our interest as that version corresponds to a "full" packing of *A*-paths. We call this version [Full]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$(A,\ell )$$\end{document}$ [-Path Packing]{.smallcaps} (Full-ALPP, for short). In this paper, all our positive results showing tractability of some cases will be on the general ALPP, while all our negative (or hardness) results will be on the possibly easier Full-ALPP.

We assume that the reader is familiar with terminologies in the parameterized complexity theory. See the textbook by Cygan et al. \[[@CR8]\] for standard definitions.

**Our Results**

In summary, we show that ALPP is intractable even on very restricted inputs, while it has some nontrivial cases that admit efficient algorithms. (See Fig. [1](#Fig1){ref-type="fig"}.)
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                \begin{document}$$\ell $$\end{document}$ the *standard parameters* of ALPP as they naturally arise from the definition of the problem. We determine the complexity of ALPP with respect to all standard parameters and their combinations. We first observe that Full-ALPP is NP-complete for any constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell \ge 4$$\end{document}$ even on grid graphs (Theorem [5.1](#FPar17){ref-type="sec"}).

We then study structural parameters such as treewidth and pathwidth in combination with the standard parameters. We first observe that ALPP can be solved in time $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {tw}$$\end{document}$ are the number of vertices and the treewidth of the input graph, respectively. Furthermore, we show that ALPP parameterized by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {pw}$$\end{document}$ is the pathwidth of the input graph.Fig. 1.Summary of the results. An arrow $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {treedepth} \leftrightarrow \text {treedepth}\,+\,\ell $$\end{document}$ because the maximum length of a path in a graph is bounded by a function of treedepth \[[@CR17], Section 6.2\].
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                \begin{document}$$E = \{\{(r,c), (r',c')\} \mid |r-r'| + |c-c'| = 1\}$$\end{document}$. From the definition, all grid graphs are planar, bipartite, and of maximum degree at most 4. To understand the intractability of a graph problem, it is preferable to show hardness on a very restricted graph class. The class of grid graphs is one of such target classes.
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The *width* of a tree decomposition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\{X_{i} \mid i \in I\}, T)$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\mathsf {tw}(G)$$\end{document}$, is the minimum width over all tree decompositions of *G*.

The *pathwidth* of a graph *G*, denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {pw}(G)$$\end{document}$, is defined by restricting the trees *T* in tree decompositions to be paths. We call such decompositions *path decompositions*. It is easy to observe that pathwidth does not change significantly by subdividing some edges and attaching paths to some vertices.

Corollary 2.1 {#FPar1}
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Standard Parameterizations of ALPP {#Sec3}
==================================

In this section, we completely determine the complexity of ALPP with respect to the standard parameters \|*A*\|, *k*, $\documentclass[12pt]{minimal}
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Intractable Cases {#Sec4}
-----------------

The first observation is that Full-ALPP is NP-complete even if $\documentclass[12pt]{minimal}
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                \begin{document}$$k = 1$$\end{document}$). This can be shown by an easy reduction from [Hamiltonian Cycle]{.smallcaps} \[[@CR12]\]. This observation is easily extended to every fixed even \|*A*\|.
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The NP-hardness of Full-ALPP for fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell \le 3$$\end{document}$ (see Theorem [3.3](#FPar4){ref-type="sec"}).
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We can strengthen Observation [3.2](#FPar3){ref-type="sec"} to hold on grid graphs by constructing an involved reduction from scratch. As the proof is long and the theorem does not really fit the theme of this section, we postpone it to Sect. [5](#Sec7){ref-type="sec"}.

Tractable Cases {#Sec5}
---------------

### Theorem 3.3 {#FPar4}
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                \begin{document}$$\ell \le 3$$\end{document}$, then ALPP can be solved in polynomial time.

### Proof {#FPar5}
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                \begin{document}$$\ell = 1$$\end{document}$, then the problem can be solved by finding a maximum matching in *G*\[*A*\]. Since a maximum matching can be found in polynomial time \[[@CR9]\], this case is polynomial-time solvable.
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In their celebrated paper on *Color-Coding* \[[@CR1]\], Alon, Yuster, and Zwick showed the following result.

### Proposition 3.4 {#FPar6}

**(**\[[@CR1], **Theorem 6.3\]).** Let *H* be a graph on *h* vertices with treewidth *t*. Let *G* be a graph on *n* vertices. A subgraph of *G* isomorphic to *H*, if one exists, can be found in time $\documentclass[12pt]{minimal}
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By using Proposition [3.4](#FPar6){ref-type="sec"} as a black box, we can show that ALPP parameterized by $\documentclass[12pt]{minimal}
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### Theorem 3.5 {#FPar7}

ALPP on *n*-vertex graphs can be solved in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(2^{O(k \ell )} n^{6} \log n)$$\end{document}$ time.

### Proof {#FPar8}
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Structural Parameterizations {#Sec6}
============================

In this section, we study structural parameterizations of ALPP. First we present XP and FPT algorithms parameterized by $\documentclass[12pt]{minimal}
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Now we show that Full-ALPP is W\[1\]-hard parameterized by pathwidth (and hence also by treewidth), even if we also consider \|*A*\| as an additional parameter. We present a reduction from a W\[1\]-complete problem *k*-[Multi-Colored Clique]{.smallcaps} (*k*-[MCC]{.smallcaps}) \[[@CR10]\], which goes through an intermediate version of our problem. Specifically, we will consider a version of Full-ALPP with the following modifications: the graph has (positive integer) edge weights, and the length of a path is the sum of the weights of its edges; the set *A* is given to us partitioned into pairs indicating the endpoints of the sought *A*-paths; for each such pair the value of $\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar11}
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Proof {#FPar12}
-----
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We can now reduce the *k*-[MCC]{.smallcaps} problem to Extended-ALPP.

Lemma 4.4 {#FPar13}
---------
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Theorem 4.5 {#FPar15}
-----------

Full-ALPP is W\[1\]-hard parameterized by $\documentclass[12pt]{minimal}
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Proof {#FPar16}
-----

We compose the reductions of Lemmas [4.3](#FPar11){ref-type="sec"} and [4.4](#FPar13){ref-type="sec"}. Starting with an instance of *k*-[MCC]{.smallcaps} with *n* vertices this gives an instance of Full-ALPP with $\documentclass[12pt]{minimal}
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Hardness on Grid Graphs {#Sec7}
=======================

We first reduce [Planar Circuit SAT]{.smallcaps} to Full-ALPP on planar bipartite graphs of maximum degree at most 4. We then modify the instance by subdividing edges and adding terminal vertices in a appropriate way, and have an equivalent instance on grid graphs. All proofs in this section are omitted.

Theorem 5.1 {#FPar17}
-----------
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Concluding Remarks {#Sec8}
==================

In this paper, we have introduced a new problem $\documentclass[12pt]{minimal}
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Does ALPP admit an algorithm of running time $\documentclass[12pt]{minimal}
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For a positive integer *r*, we denote the set $\documentclass[12pt]{minimal}
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